which the inverse translational gauge fields are always auxiliary [5, 9] .
To implement these steps we choose the O(4, 2) representation of the conformal group, with connection 1-forms ω Since no finite translation can reach the point at infinity and no inverse translation can reach the origin, the space C/C 0 gives a copy of (noncompact) Minkowski space for each of the two sets of translations. Since the generators of the two types of translation commute modulo the homogeneous Weyl group, the base manifold is simply the Cartesian product of these two Minkowski spaces. The generalization to a curved base space is immediate.
Adding curvature 2-forms to the structure equations and breaking them into parts based on homogeneous Weyl transformation properties, we have:
The four curvatures Ω The fiber symmetry group does not mix the spacetime, cross or momentum terms. 
where (x a , y a ) are eight independent (global) coordinates on the space and α a,b ≡ ∂αa ∂x b denotes the partial of α a with respect to x b .
Our current discussion centers on the metric structure of biconformal spaces. Although biconformal space is based upon the conformal group of Minkowski space, it does not inherit the Minkowski metric, η ab . Nonetheless, every biconformal space has a natural metric based on the Killing metric. The Killing metric is built from the conformal group structure constants as
where the labels
refer to the Lorentz, translation, inverse translation and dilatation generators, respectively.
A short calculation gives
is the Killing metric for the Lorentz group, and
We now construct a metric on the bundle by expanding ω A in a coordinate basis
Unlike the degenerate Killing metric for the Poincaré group, K (conf.) AB is nondegenerate both on the bundle, and when projected to the base space. Restricting the indices to the
Understanding the importance of K A ′ B ′ first requires understanding the phase space correspondence principle. But the structure equations of biconformal space go beyond the usual structure of phase space, giving a differential system for the eight solder forms, the spin connection and the Weyl vector. The Killing metric described above also represents new structure, importantly different from the usual metric on phase space.
Consider this metric difference in detail. The usual phase space metric follows from the metric on spacetime and the fact that the 4-momentum is proportional to the tangent vector to a curve. This implies the same Minkowski metric on both the configuration and momentum parts of phase space:
The two parts of g P h.Sp. AB
are not an 8-dim metric -they are the same metric applied to either the spacetime or the momentum sector.
The essential point we wish to make is that the Killing metric K A ′ B ′ on biconformal space has eigenvalues ±1 and zero signature. Therefore, if the inner product of the spacetime coordinates x µ are found (locally) using the Minkowski metric then the y µ coordinates must be contracted using minus the Minkowski metric
This is the only way to achieve zero signature while keeping the usual Minkowski inner product on spacetime. There is a new reason that the two parts of the 8-dim metric must refer to two independent 4-dim metrics. Because we have introduced a dimensionful metric, the scaling weight of the spacetime and momentum parts are opposite. The two parts cannot be added together and must be regarded as applying only on appropriate submanifolds.
The sign difference between g P h.Sp. AB and g
Biconf. AB
has an important consequence. When identifying biconformal coordinates (x µ , y ν ) with phase space coordinates (x µ , p ν ), we naturally set y ν = βp ν . The constant β must account for the sign difference in
β is therefore imaginary. Also, β must account for the different units of y ν (length −1 ) and p ν (momentum), withh the obvious choice. Therefore (up to a real dimensionless constant) we can set
This relationship between the geometric variables of conformal gauge theory and the physical momentum variables is the source of complex quantities in quantum mechanics.
There are two further points to be discussed in identifying the proper correspondence between the physical variables of phase space and geometric variables of biconformal space.
First, η ab does not respect the scale invariance of biconformal space as K A ′ B ′ does -it scales with weight +2, and there is no principled way to introduce it into a general biconformal 6 space. The use of diagonalizing coordinates
is possible nonetheless because this transformation is symplectic, preserving
The closed, nondegenerate dω The standard formulation of quantum mechanics may now be seen to correspond to a statement about measurement in biconformal space using real variables (x a , y a ). In particular, the form of the Weyl vector for a large class of solutions [1 -3] including the flat case above
Identifying the integral of ω 0 0 as the action and expressing y a in terms of the momentum we
We therefore correctly find both the proper minimal U (1) coupling to the electromagnetic field, and the proper complex coefficient for the exponent. The a verage over exp(− The reason that these two path averages can give the same results is the difference in signature between phase space and biconformal space. Recall how, in the early days of relativity, the coordinate τ = ict was used to give spacetime a Euclidean signature. Eventually it was found easier and more general to use an indefinite metric. Here we see the same effect in phase space, where our standard assumption of the same inner product on the configuration and momentum sectors of the space has meant that we are effectively using a purely imaginary coordinate, p a = −ihy a . By changing the signature, we can eliminate the "i", and work in real, geometric variables.
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